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Nonlinear forces on vertical columns exposed to waves,
how and why?

There 3 reasons/effects:
- pressure is nonlinear
- free surface condition I1s nonlinear

- elevation along the column is finite
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qu. of motion T

ov 1
— : = ——Vp—gk
5 +v-Vv p pD—g

p 1

Elevation

N =@y —Vo-Vn on y=mn
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fFree surface condition, dynamic T
¢r+35Vo-Vo+gn=0 on y=n
Time derivative of dynamic b.c.

Ott + Vor - Vo+gnp =0 on  y=n

Free surface condition, kinematic

gne = 9oy + Vo - Vo+ iVe-V|Ve> on y=n
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Perturbations: ¢ = ¢ + ¢ + ¢®3) 1 . where o
- first term Is proportional to the wave amplitude A,

- 2nd term is proportional to A2,
- third term is proportional to A3, etc.

o)+ g =0, V=4’ on y=o0

6 4 gn® — —yMeM _ 1760 . veM on y—o
= oy = Vo 4 gp)n® on oy =0

etc.
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fHarmonics: T

Incoming wave of frequency w results in a response with
frequency w.

Quadratic products introduce sum frequency w + w = 2w
and difference frequency w —w = 0w

Cubic products introduce sum/difference frequencies
-w+ w4+ w=3w, 2w+ w = 3w, and
- Wt W —w=w, 20— w=w

Quartic products introduce sum/difference frequencies
- 4w, 2w, Ow,

etc.
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flncoming Stokes wave in deep water with frequency w has T
a velocity field that is a pure sine (up to third order), given
by the potential

¢ — Re {%ekye—ikx—i—iwt 4+ O((kA)4),

w

This velocity field implies a force on the column, in the
z-direction, composed by harmonics, by

F(t) — Re {Flelwt 4 F2€2|wt 4 F3€3|wt 4 F4€4|wt 4. ‘|—}

where, asymptotically, when A << 1, F} ~ A, Fy ~ A%, F3 ~
A3, Fy ~ A*, etc.

o |
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fFaItinsen, Newman and Vinje, JFM 289 (1995); slender T
body wave analysis (kR << 1) including nonlinearity up to
cubic order (kA << 1; A ~ R). Periodic waves. Forces:

Fy = 21pgR* A cos wt

~

Fy = mpgK R*A? sin 2wt + mpg K* R* A® coswt — 2mpg K R? A% cos 3wt
|Fi/F3] = (K A)

|Fy/pgRA?| = KR |F3/pgA®| = 21 (K R)?

o |
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fMaIenica and Molin, JFM 302 (1995); Perturbation T
expansion in the wave slope ¢ = Ak; analysis valid
asymptotically for Ak << 1, with &R arbitrary:

& = eV + 20 + S39B) 4 O(eh)
egb(” _ Re[gp(l)e—iwt]
62¢(2> _ 95(2) n Re[¢(2>€—2iwt]

L .3 ¢(3) _ Re[@(?)) e—iwt n 90<3> e—Siwt] J
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Perturbation expansions; free surface condition; ((®)

3 .
ouo® L 20 3w o) g
dy g

_lﬁ 1 8290(2) B 890(2) (2) azgp(l) B agp(l)

2g {90 ( Oy? v Oy ) T 2¢ ( Oy? g

1 o)
_S_VSO(D V(Vel) . vy - 2oy, . v g

g Y

1 o) 2 (1) (1)

Bl (NG et 1y ,(1) (1)) (P Ay
+4g (Vgp Oy TVl Ve ) ( o>~ Yoy

(V- horizontal gradient; v = w?/g)

o

-
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Forces:

F = eFW 4+ 2rC 4 SFG) 4 O
Re[F(l)e—iwt]
F2 4 Re[F(2)€—2iwt]

Re[F(3)€—iwt+F(3)€—3iwt] + O(eh

-

(3 _ / (3iww<3)_%pw<1>.w<2>)ndg
S B0
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Malenica & Molin, JFM 302 (1995)
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Malenica & Molin, JFM 302 (1995)
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Malenica & Molin, JFM 302 (1995)
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Malenica & Molin, JFM 302 (195)
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Malenica & Molin, JFM 302 (195)
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fNote, for example for kR = 0.11, we find from M&M T

F .
33 ~ Re[(0.1,0.0)e 3! = 0.1 cos 3wt
pg

while FNV gives

F:
33 = —271(K R)?* cos 3wt ~ —0.076 cos 3wt
pgA

where the most important difference is that the latter is 180
degrees out of phase with the former.

M&M argued that FNV is valid only for very small KR, I.e.
up to about 0.05. However, the FNV-analysis is a beautiful
exercise in matched asymptotics and application of Bessel

qunction theory! J
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Wave tank experiment, sketch; Huseby & Grue, JFM 414 (2000)

|
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Cylinder and force gauges; Huseby & Grue, JFM 414 (2000)
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Wave and force series; wave - curve with greater excursion; Huseby & Grue, JFM 414 (2000)
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Wave elevation, Stokes waves

n = Acos(—kx + wt) + %kA2 cos 2(—kx + wt)
+  Gfpee cOS(—4kx + 2wt +6) + ...

The free 2nd harmonic wave is generated at the wave
paddle, by nonlinear effects, and is a parasittic wave

However, it moves with half the speed of the Stokes wave
and therefore there is a time window without this parasittic
wave.

o |
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Huseby & Grue, JFM 414 (20#0)
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0.2 I I

Theoreltical locked 2.har|. wave
Meas. free 2.har. wave
Scaffer(1996)
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| |
Theoretical locked 2.har. wave
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First harmonic force
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2nd harmonic force



kR=0.166
0.7 I I I I I I I I I

Newman 96 0.6 5

0.4
f 0.3
0.2
0.1

0 1 1 1 1 1 1 1 1 1

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
kR=0.204
0.7 T T T T T T T T T

0.6 R=3cm O

I
o
o
o
Py
Il
[
o)
3
O
|

I
O
O
>
&
&

I
]
.
B
oo
:
B
0 <
Cd
OD
[1 1

T
|

T
|

O
0.4 + B © © e o
03 g, © o B
02 F .
0.1 |

0 | | | | | | | | |

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
kR=0.245
0.7 T T I [

0.6 el i bt Ferrant(1998) -—+-- -
- R=3cm O

0.5 = ST .
0.4 0 B0 goao -
0.3 I O 5o g .
0.2 0 0g CR—

0.1 - o

0 ! ! ! !
0 0.05 0.1 0.15 0.2

Ak Huseby & Grue, JFM 414 (2000)

—p.32/67

| F5|/pgA*R
&




R

R
)
SY
~
&

Newman 96

o

0.7
0.6
0.5
0.4
0.3
0.2
0.1

0.7
0.6
0.5
0.4
0.3
0.2
0.1

kR=0.315
[ [ [ [ [ [ [ [ [
L R=3cm O
0 R=4cm ¢
- 0 CJ | B
- o <>D <>D o ¢ ° ° & BN B -
_ <>D o QDODQDQDODQD _ B
o &
B &
| | | | | | | | |
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
kR=0.378
[ [ [ [ [ [ [ [ [
- R=4cm ¢
- ¢ % © T o 6 o o
i o ° AP S N
o o
| | | | | | | | |
0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
Ak Huseby & Grue, JFM 414 (2000)

—'p.33/67



3
2.5
2

1.5
Newman 96 1

0.5

2.5
1.5

~— 0.5

Arg

-0.5

2.5

1.5

0.5

kR=0.166

| | | | | | | |
n R=3cm O
R=4cm ¢
- O g | - -
B S E]<> , 0o BeB80RR00gg,q ngotdood
& < & & o 0 & O o o & o o © RO
| | | | | | | |
0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
kR=0.204
I I I I I I I I
L R=3cm O
o R=4cm ¢
u o _
L 0 & -
O o S0 o
| & <& > O
L - 00 0 8o P o408 ®BP
| | | | | | | |
0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
kR=0.245
I I I I
B Newman(1996) — |
Ferrant(1998) -+--
n R=3cm o |
= I
i U o ogoBoag 0 goBooego 00 gan 5 O - a - ay
+"~-+————4————4— _____ S A __ e S L]
| | | |
0.05 0.1 0.15 0.2

]

Huseby & Grue, JFM 414 (2000)

—p.34/67



Arg(F»)

kR=0.315
I I L] I I I I I I I
L R=3cm O
- R=4cm ¢
B
N . _ . _
i °® o o Do e Pogog o
50 g o O
© o o © o
1 Q"”"O """ S <> """"""""""""""" <> """""" 1
© o o
— <> —
| | | | | | | | |
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
kR=0.378
I I I I I I I I I
n R=4cm ¢
— <> —
N o i
— o L AR o O & & & —
| | | | | | | | |
0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
Ak Huseby & Grue, JFM 414 (2000)

—'p.35/67



| F5|/pgA*R

0.7

0.6

0.5

0.4

0.3

0.2

0.1

| | | | |
Stansberg(1997):kR=0.149,R=16.3cm
© Newman(1996):kR=0.149 ------
S H&G:kR=0.166,R=3cm ©
_ %oy H&G:kR=0.166,R=4cm o
= SRR Newman(1996):kR=0.166 ——
odo ¢
U gpb U OO > —
o * o
o
o O O o X
= o -
O © o ¥ o
Dméﬁj% % o & o o %
oU PN
W o O i
= O o
oo & O
&g Oy
D —
O
] ] ] ] ]
0.05 0.1 0.15 0.2 0.25

Ak Huseby & Grue, JFM 414 (209}0)

— p.36/67



| F5|/pgA*R

0.7

0.6

0.5

0.4

0.3

0.2

0.1

| | | | |
Stansberg(1997):kR=0.149,R=16.3cm *
© Newman(1996):kR=0.149 ---- -
S H&G:kR=0.166,R=3cm ©
%% H&G:kR=0.166,R=4cm <
- C o0 Newman(1996):kR=0.166 ——
oo ¢
O oln) o Uo ]
= 1%
o
o o o X
OO _
O & 3
B *
DDE?D% ;D o © . o o
v g g _
= O o
0o <o @D & O D}K
2 - 2
|Fo|/pgA“R ~ 0.7 — 2Ak 0
] ] ] ] ]
0.05 0.1 0.15 0.2 0.25

Ak Huseby & Grue, JFM 414 (209}0)

- p.37/67



-

3rd harmonic force
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Fourth harmonic force
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Fifth harmonic force
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6th harmonic force
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7th harmonic force
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(1)

Comparison, forces for Ak = 0.2 and kR = 0.166:
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This describes the force picture in regular waves, in deep
water.

Perturbation methods obtain the harmonic forces, In
perturbation sense.

Fully nonlinear computations are performed up to Ak ~ 0.15
(Ferrant, 1998). Challenges with local breaking at the
column’s water line. This must be circumvented in order to
calculate the motion beyond this wave slope, where
calculations with Ak ~ 0.2 are an important challenge.
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